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Note: (i) Answer all questions. (ii) (X,d) and (Y,d) are metric spaces. (iii) B.(x) = {y €
X :d(z,y) <r}. (iv) P(X) = power set of X. (v) #X = cardinality of X.

Q1. (10 marks) Let U be an open subset of X, and let z € U. Is U \ {x} open in X7 Justify
your answer.

Q2. (10 marks) Let f,¢g : X — R, be continuous functions, and let C' = {z € X : f(x) =
g(x)}. Prove that C is closed.

Q3. (10 marks) Prove that a discrete metric space is complete.

Q4. (10 marks) Define C' = {x € X : B,(z) is uncountable for every r > 0}. Prove that C'is
a closed set.

Q5. (15 marks) Let d(A, B) = inf{d(a,b) : a € A,b € B} for all A, B C X. State whether
the following statements are true or false. Justify your answer.
(i) If AN B # 0, then d(A, B) = 0. (i) If d(A, B) = 0, then AN B # (. (iii) (P(X),d) is a

metric space.

Q6. (15 marks) Let D be a dense subset of X such that every Cauchy sequence in D converges
in X. Prove that X is complete.

Q7. (15 marks) Prove that R} \ Q", n > 1, is connected.

Q8. (15 marks) Let X be a countable metric space, and let #X > 1. Prove that X is
connected if and only if #X = 1.

Q9. (15 marks) Let f: X — Y be a continuous function, and let
Graph(f) = {(z, f(x)) : v € X}.

Prove that Graph(f), with respect to the metric inherited from the product metric, is home-
omorphic to X.



